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Estimation of Unmodeled Forces on a Low-Thrust Space Vehicle

B. D. Tapley* and H. Hagar¥
University of Texas at Austin, Austin, Texas

The application of a sequential estimation algorithm, which compensates for random errors in the dynamic
model, to the problem of estimating the state of a continuously thrusting solar electric propulsion space vehicle is
investigated. The dynamic model errors, due to random anomalies in the propulsion system, are approximated
successfully by both first order and second order Gauss-Markov processes to obtain a more accurate and stable
orbit determination algorithm. The importance of correct dynamic and measurement modeling in achieving ac-

curate estimates is demonstrated.

I. Imtroduction

'RRORS due to unmodeled forces present one of

the fundamental limitations on the navigation accuracy
for the continuously thrusting solar-electric propulsion (SEP)
spacecraft. The effects of the various error sources on the
navigation accuracy are discussed in Refs. 1-3. For the SEP
vehicle, the primary error source will be due to anomalies in
the thrust program. Since the thrust is applied continuously,
throughout the mission, small anomalies have time to cause
significant terminal errors. Reference 1 points out the need
for alternate orbit determination procedures, to the con-
ventional least squares methods used for most interplanetary
missions, if acceptable navigation accuracy is to be obtained
during a SEP mission. Since the unmodeled accelerations due
to the errors in the mathematical model will vary with time,
compensation for the effect of the errors.can be implemented
in a direct manner by using a sequential, or Kalman-Bucy,*
filter. Furthermore, if the extended form’ of the sequential
estimation algorithm is used, then the errors due to
linearization assumptions will be minimized. The effect of
model errors on the sequential estimation algorithm leads to
the phenomenon of filter divergence.® The filter divergence
can be delayed and, in some cases, prevented by the addition
of a state noise covariance matrix to the equation for
propagating the state error covariance matrix. The objective
of this addition is to maintain filter reliability, in some subop-
timal manner, by preventing the state error covariance matrix,
and hence the observation residual weighting matrix (or
Kalman gain), from vanishing. In Ref. 7, an alternate
procedure is presented in which the unmodeled accelerations
are approximated by a first-order Gauss-Markov process. The
values of the unmodeled accelerations are estimated
simultaneously with the values of the spacecraft position and
velocity, and the estimated values of the unmodeled ac-
celerations are used to improve the state propagation ac-
curacy. Application of the algorithm to the problem of
processing data from the Lunar Orbit phase of the Apollo 10
and 11 missions indicate that the algorithm yields a significant
improvement in the orbit determination accuracy over that
obtained with either the classical batch or Kalman-Bucy
estimation algorithms.® Furthermore, in Refs. 8 and 9, the
results of numerical simulations are presented which indicate
that the estimates of the unmodeled accelerations provide an
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accurate representation of the true values of the unmodeled
accelerations due to errors in either the earth or the lunar
gravitational potential. Reference 10 discusses the general ap-
plication of the method to the orbit determination problem
for the Solar Electric Propulsion (SEP) mission.

In the subsequent discussion, the sequential estimation
algorithm employing various model error compensation
techniques is applied to the problem of estimating the state of
a SEP space vehicle on an asteroid flyby mission. The per-
formance of the model compensation algorithms in the
presence of propulsion thrust anomalies is compared with the
performance of both the uncompensated and state-noise com-
pensated filters by numerical simulation.

II. Problem Statement

The problem considered is that of estimating the trajectory
of a continuous low-thrust, solar-electric spacecraft subject to
time correlated errors in the thrust acceleration vector. The
nominal mission is initiated at escape from the earth’s sphere
of influence and terminates with a flyby of the asteroid Eros.
Encounter with Eros occurs at a distance of 1.45 a.u., 152
days after heliocentric injection.

If only the central force attraction of the sun is included,
the equations of motion for the SEP spacecraft can be ex-
pressed as

F=v, o= — (u/Ir13) r+ T 8))

where, as shown in Fig. 1, » is a 3-vector of heliocentric
position components, X, Y, Z; v is a 3-vector of heliocentric
velocity components, X, Y, Z; Irl is the magnitude of r; and p
is the gravitational parameter of the sun. The heliocentric
thrust acceleration T is composed of the design thrust ac-
celeration T* as well as the thrust acceleration errors from a
number of sources such as beam voltage and current, grid
warpage, deadband control errors, etc.! The heliocentric
components of T, [TxTy7T,], may be expressed in terms of
components in a vehicle-centered frame, [7,7,T,], by the
following relations:

Ty T,
Ty | =R | T, Q)
T, T,
where
cos V¥ —sin ¢ 0
R= sin cos Y 0
0 0 1
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Fig. 1 Reference coordinates.

and where ¢ is the heliocentric orientation angle (see Fig. 1).
The vehicle-centered frame is oriented such that the x-y plane
is parallel to thé heliocentric X-Y plane, and the x-z plane
remains parallel to the position vector, r.

The thrust components in the vehicle-centered reference
frame are assumed to be expressed as follows:

T, sin y cos 6
T, | =a cos vy ) 3)
T, sin -y sin 6

where a is the magnitude of the acceleration while y and 6 are
the thrust vector orientation angles, as shown in Fig. 1. In the
following study, it is assumed that

a=a*+m, (4a)
Y=y +m, (4b)
8=0*+m, ()

where a*, y*, and 6* represent the design or nominal values
for the acceleration magnitude and the thrust pointing angles.
The values of g*, yv* and 6* are selected so that the design
thrust 7* lies along vehicle-centered y-axis i.e., the design
thrust will be normal to the position vector at all times. The
quantities m,, m., and m, represent random errors in the
values which characterize the design or nominal mission and
lead to what will be referred to as the dynamic model error.
The largest error, m,, is usually autocorrelated.

III. Models for Error Compensation

In the following discussion, an estimation procedure is
described in which the effects of the error in the thrust
magnitude and in the thrust orientation angles are com-
pensated for by using the general dynamic model com-
pensation technique proposed in Ref. 7. In this approach, the
thrust is separated into two components: modeled com-
ponents and components due to errors, i.e.,

T=T*"+m 5)

where T* represents the modeled acceleration components
and where m is a 3-vector of thrust error components. In the
dynamic model compensation approach, the thrust errors,
m(t), are approximated by e(f), where () is assumed to satisfy
one of several possible first-order or second-order differential
equations. The approximating differential equations for e(¢)
are adjoined to Eq. (1) to obtain the state equations. The
values of e(f) and any unsepcified parameters in the dif-
ferential equations which describe e(f) are estimated
simultaneously with the position and velocity components.
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The estimated values of ¢, at a time ¢; are used to improve the
predicted value of the position and velocity at the next ob-
servation time, #,, ;. In this investigation, models of three dif-
ferent orders are used to compensate for m(r). The models are
now described.

Model 0

In this model an arbitrary state noise covariance matrix, Q,
is added to the differential equation governing the state error
covariance. The Q-matrix compensates for the dynamic
process noise and maintains a positive definite state error
covariance matrix. The differential equations for the state
vector, x 7= [rTv 7], are approximated by

F=v, b=~ —— r+T* +Ru 6)
Iri?

where r and v have been defined previously, and « is a random
3-vector with the a priori statistics Efu} =0, E{u(®u” (7))
=U()5(t—7), thus, this approach is equivalent to the
assumption that m(?) can be approximated as a zero-mean

random  process whose covariance matrix is
a(t)=R()UM)RT(1).

Model 1

In the first-order model, the thrust acceleration component
along the vehicle y-axis is approximated by a first-order
Gauss-Markov process. This component of error normaily is
the largest, and corresponds, approximately, to the
magnitude of the thrust acceleration error. The x- and z-
components are assumed to be purely random processes. Note
that these components could be modeled also as a Gauss-
Markov process; however, modeling only the y-component as
such is computationally less demanding (by a factor of 3) than
similar modeling for all three. The differential equations for
the state vector, x7 = [rTvTef], are given as follows:

Uy

F=v, v=—(u/Ir13)r+T*+R € %)

U,

with the addition of one of the following two assumptions:

é=u, (8a)
or

é=—Be+tu,, B=uy (8b)

where u,, u,, u,, and ug are random processes that satisfy the
a priori statistical conditions:
E{ uP ] = 0}

E{ul}=q,  t{x,z,60) ©)

Model 2

For this model, the thrust acceleration error component
along the vehicle y-axis is approximated by a second-order
Gauss-Markov process. Again the same motivation for the
modeling of only the y-component prevails as for Model 1.
The x- and z-components again are treated as purely random
processes. The differential equations for the state vector, x7
=[rTvTe q B), are:

Uy

F=v, v=—(p/ir13)r+T*+R e |; é=q 10)

u,

in combination with one of the following two configurations:

n=u, (11a)
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Fig. 2 Models for approximating the unmodeled accelerations.
or
h=—Be+tu, B=uy " (11b)

where u, u_, u,, and u , are random processes with a priori
statistics
E{u&'] =0» E{ ugl =4 ge{xlzlnﬁﬁ} (12)
Note that the state noise, or Q-matrix, compensated model,
Model 0, does not allow an estimate of m(?), for improving
the accuracy of the propagation of the estimate, while each of
Models 1 and 2 do. The concept represented by each of the
models is illustrated in Fig. 2. Here, the light lines represent
the actual error in the thrust acceleration magnitude, The
dark line segments are gross representations of the ap-
proximated error. The discontinuities of these segments occur
because at each observation time the estimation process
provides new estimates which, in general, are not continuous.
That is, the estimate of the function which approximates the
unmodeled accelerations will change at each observation time.
Note that Model 1a approximates the unmodeled acceleration
by a sequence of horizontal lines, 2a by a sequence of straight
lines, 1b by a sequence of exponentially increasing or
decreasing functions and Model 2b by a sequence of
sinusoidal functions. Estimation of the parameter 8, adjusts
the particular function in question to obtain the best local fit
of the unmodeled accelerations. If the differential equations,
which define either of the models described above, are ad-
joined to Eqgs. (1), the equation of state can be expressed as

x=F(x1), x(,)=x, (13)

where x includes both the position and velocity components as
well as the quantities in the appropriate model for the error
compensation,

The observations available for the orbit determination
process are assumed to consist of the range-rate p
measurements from Earth-based tracking stations and the on-
board measurements of the angle A between the directions to
the Earth, and a specified navigation star. If each ob-
servation, specified generically as 2, is made at the discrete
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times ¢, the nonlinear observation-state relationship can be
expressed by

Q,=G(x; ;) +vy (14)

The observation error vy, is assumed to have the a priori
statistics Efvq} =0, E{vgrq}=Rg0; where §; is the
Kronecker delta.

In the following investigation, the extended form of the
Kalman-Bucy filter is used to obtain the state estimate.’ That
is, given an estimate x,_,, the associated state error covari-
ance matrix Py_;, and an observation Q, at the time ¢,, then
the estimate x and the state error covariance P, at time ¢, are
obtained from the following equations:

ty
Xi=Xpo;+ E ! F(x(7), 7) dr - (15a)
A
_ 3 *
Pk=Pk_1+S P(7)dr - (15b)
k-1
B =A(t)P+PAT(1) +Q(1) (15¢)
K =P, H[|HP,H[+Rg 1! (15d)
)A(k=§A,+Kk[Qk—G()_(/\,, [k)] (156)
Py =[I-KH;]1P, (159)

where F(x, t) is the vector function representing the time
derivative of x, and where A(N=[0F(x, 1)/dx], H,=
[8G(xx, t,)/3x], and Q is the complete state noise covariance
matrix composed of zero and nonzero submatrices. These
nonzero submatrices are denoted as Q’, where Q' (g, 4., ¢,
g ) as appropriate for the particular error model being used.

I1V. Simulation Procedure

As previously indicated, errors are assumed to occur in
both the magnitude of the thrust acceleration a as well as in
the thrust vector pointing angles, v and @ (see Fig. 1). For the
design mission, the nominal thrust acceleration vector, T*, is
assumed to be of constant magnitude along the vehicle y-axis.
Hence,

T*T =g*[ ~sin ¥: cos y:0] (16)

and therefore, the normal values of the pointing angles, v and
0, are zero.

For the simulation process, the thrust acceleration error

magnitude, m,, is modeled by the random process, m, =m,,
sin wf+u,, where m,, and w are representative parameters
specified for the simulation (see Table 1). The random
variable, u,, has the statistics, E{u,] =0, and E{u?} =0?2.
" In the thrust acceleration error simulation, the in-
stantaneous values of the pointing angles v and 6 are assumed
to be related as shown in Fig. 3. In this figure, the radius of
the circle is the projection of the unit thrust vector on the
vehicle-centered x-z plane. The circle represents the ap-
proximate boundary for the maximum pointing error of the
thrust vector. Thus assuming a maximum pointing error of
small angle %, the actual thrust vector describes a conical
region of half angle ¥, and the radius of the boundary circle is
siny=%.

The quantity d=s(f—¢,) is the approximate path followed
by the projection of the thrust onto the vehicle-centered x-z
plane, since the last time ¢,, that the maximum pointing error
4 occurred. The scalar s represents a constant drift rate and
¢ is the current mission time. ‘
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Table1 Nominal mission and simulation parameters

Initial conditions Initial uncertainties

Thurst acceleration error simulation

X 0.1505 x 10°km 104km
Y 0. km 10%km
V4 —6378. km 10km
X 0. m/sec 103 m/sec
Y 31,743 m/sec 103 m/sec
4 73.8 m/sec 103m/sec

Observation variances

Mao=6% a* =1.8 x 10~ 2 mm/sec?

0, =0.6% a* =1.8 x 10 ~3 mm/sec?
5=0.6x10"rad/sec, g, =0.24 x 107 rad/sec
o, =0y =0.001rad, 0, =0.91rad
¥=0.01745 rad, »=0.12x 10" Hz

Period of da=27/w=9.65 days

Nominal thrust acceleration

R, =(0.5 mm/sec)? @ 1 min intervals
R, =(7 arsec)? @ 10 min intervals
Observation interval, At =50 min
Tracking station

Longitude Latitude

*=%=0mm/sec?
J=a*=0.3 mm/sec*
(Orbital reference)

Constants

136°53” 14~
243° 06’ 37"
355°45745"3"

—31°22’ 55"
35°25’33”
40° 25" 44”7

Woomera (JPL-41)
Goldstone (JPL-14)
Madrid (JPL-61)

Bsun =0.1327 X 1012 km3 /sec?
0, =0.199 x 10° rad/sec

Navigation star unit vector elements: §=0.5538, 0.7384, 0.3846 (heliocentric coordinates)

The angle ¢, is sampled from a uniform distribution of zero
mean and variance, ¢2 =0.828. In addition, to provide a more
realistic simulation, zero mean, purely random components
are added to s, v, and 8; their standard deviations are given in
Table 1. The logic for simulating v and # is diagramed in Fig.
4; reference to Fig. 3 will aid in understanding the step-by-step
sequence. The subscripts on the variables correspond to the
discrete times at which the values are determined. Figure S
illustrates a typical motion of the tip of the thrust vector
projected on the x-z plane as determined by this simulation
procedure over a period of 35 days. Note the approximately
circular bound of radius =0.005 mm/sec?. Furthermore, the
errors are seen to be somewhat concentrated in the first
quadrant, and rather less dense in the fourth quadrant. As the
simulation time continues beyond the 35 days shown here, one
can expect that these errors would be more uniformly
distributed within the full region. Figure 6 shows the error
components along each of the orbital frame axes as functions
of time. Note the periodicity of the y-component and the
irregularity of the x- and z-components. Further, the y-
component is approximately three times as large as the other
components.

The structure of this simulation model, and hence its
validity, is derived from consideration of the various thrust

d=s(t,1,)

¢ gk” ykd

N

Fig. 3 Simulation of x —z acceleration errors.

acceleration error sources encountered for SEP.! Sources
such as beam voltage and current generally have low-
frequency, time-varying error components which are
manifested as such in the thrust acceleration error magnitude.
Pointing errors in the thrust vector are heavily dominated by
deadband errors. While the directional changes of deadband
pointing errors (represented by ¢) tend to be correlated, in-
complete information on the physical nature of these errors
suggest the choice of purely random, uniformly distributed
directional changes as a conservative simulation technique.

The range-rate (p) and star-vehicle-Earth angle (A)
observation errors are simulated by adding zero-mean
Gaussian noise components to the actual observations, which
are computed by using simulated true vehicle position and
velocity. These random components are obtained by sampling
from known Gaussian distributions. To study only the effects
of modeling errors, the true and assumed observation error
variances are chosen to be identical: o,=0.5 mm/sec for one
minute observation intervals; o, =7 arcsec for 10 min ob-
servation intervals.

V. Numerical Results

Numerical experiments were carried out to assess the orbit
determination performance of each of the models in com-
pensating for the simulated thrust acceleration errors
described. In performing the various numerical simulations, a
common set of basic problem data is used consistently. This
approach provides a common basis for evaluating the
estimation performance of each of the approximating models.
This set of data is given in Table 1. The initial conditions,
position and velocity, are the same for both the simulated and
nominal trajectories. The initial geometry is such that the
Greenwich Meridian intersects the X-axis at midnight, GMT,

At f=t,, T e
’b:'O ket 2
b= o ¢ =U(0,0)
88, s =5+ N(O,6)
)’:é)’o rb :fku

Ay =8hyy ~ty)

Yeo =(Fd, - 2574y, | cos p )72
o = 2 -

&y, =cos” [(72*7,5, -dy, /277, )

84,128+ sign(L,, )

7k'1=7k'1‘N(Or";2)
T Erri=Gyur + N(Ov%z)

Fig. 4 Pointing angles simulation.
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Fig. 7. Position error for noncompensated model.

forming the spacecraft initial subpoint location. The actual
spacecraft initial location is near the Earth’s sphere of in-
fluence, one Earth radius below the ecliptic (heliocentric X-Y
plane). The initial velocity vector is oriented essentially
tangential to the Earth’s orbit, but directed slightly into the
northern celestial hemisphere.

The nominal observation interval is a constant 50 minutes
for each observation type; hence the corresponding variances
are scaled to be consistent with this sampling interval. In the
study, two observation models are considered. In one, the
rotational dynamics of the Earth are not considered. That is,
the effects of the corresponding tracking station motion are
not included in the simulation, and the tracking station
location coincides with the position of the point mass
representing the Earth. b
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In the second approach, tracking stations located on the.
surface of the Earth at locations which coincide with the
Goldstone, California; Madrid, Spain; and Woomera,
Australia tracking stations were assumed. The results indicate
that the rotational effects of the Earth are an important com-
ponent in simulating the estimation process.

Simplified Observation Dynamics

For the initial simulations, the simple observation model
which neglects the Earth’s diurnal motion was used. To
provide a point of reference, the orbit determination per-
formance was obtained with no model error compensation.
These results are shown in Fig. 7. Here, and in the ensuing
discussions, the Euclidean norms of the error components of
position (denoted as rss), are shown along with the square
root of the trace of the appropriate covariance submatrix
elements (denoted as rtc). From Fig. 7, it may be seen that the
assumption of a perfect dynamical model results in the
estimation error covariance norms (rtc) decreasing rapidly.
The estimation error norms (rss) behave radically, with
divergence occurring by the second day. The error in positon
and velocity reach magnitudes of nearly 18,000 km, and 18
km/sec. Clearly, such performance is unacceptable.

Model 0

Figure 8 shows the position rss and rtc curves for 35 days
when the thrust acceleration error is nominally assumed to be
a white noise process with covariance matrix Q (Model 0). For
the nonzero diagonal submatrix, U, within Q, three values are
investigated:

U,=I{10"% 10=6 107717 mm?/sec*
U,=I[10~* 10=% 107°17 mm?/sec*
U;=I110"% 10-% 107°17 mm?/sec*

The results seem to suggest there is a tradeoff between the
values of U and the accuracy obtained. For U,, during the
first 25 days reasonably accurate estimates are obtained, after
which divergence occurs. Increasing U, by a factor of 100 to
U, yields a slight improvement in the accuracy over the period
from 9 to 24 days. Outside this interval the accuracy is
degraded. For a value of U= Uj;, which is 0.01 U, the reverse
is approximately true: the estimate appears to be more ac-
curate in the neighborhood of 4 days, but not so good over the
9-24 day period. After 27 days, the accuracy becomes better
again, but by 35 days the performance for each value of U is
again reversed: the U; case has the most rapid rate of
divergence, while the U, case has the slowest. This relative
state of affairs remains the same after 35 days.

It is interesting to note that in all three cases, the estimate
error covariance actual increases. It is possible that this may
be due, in part to the effect of the decreasing accuracy of the
angular measurements. As the spacecraft recedes from Earth,
the angular measurement accuracy remains constant, but the
corresponding arc length increases.

Models 1 and 2

Figure 9 shows the position error norm for Models 1a, 1b,
2a, and 2b. The nonzero values of the state noise covariance
matrix are for Model 1: g, =g, =3.65x 10~¢ (mm/sec?)?, g,
=9.78x10~!¢ (mm/sec?)?, and gg=1.34%x10"% (mm/
sec?)?, ¢,=1.31x10"% (mm/sec?)?, and gz=5.36x10""
rad/sec?. All four configurations give similar performance.
(The a and b configurations for each model are consolidated
in the figure since they are so close; from 32 days on, their
separation is distinct.) Compared with Model 0, the error
norm is somewhat improved for the first 10 days, and about
the same to 15 days. From 15-25 days, the norm is somewhat
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worse. After 25 days, however, divergence occurs for Model
0, while the estimate error norm remains about 400-500 km
for Models 1 and 2. It is somewhat surprising and unexpected

that the simpler structures (1a and 2a) yield slightly better per-
formance.

Improved Observation Dynamics

In view of the generally poor performance described in the
previous section, the oversimplification of the observation
dynamics was eliminated. The results obtained when the ef-

fect of the earth’s rotation is included are described in the
following sections.

Model 0

A number of simulations were performed using various
values of the diagonal state noise covariance matrix, U.
Typical results for three linearly related values of U over a 60-
day period are shown in Fig. 10. Here the estimation per-
formance is reflected by the position error rss for the

550 4

Position Error RSS(km)

275

55 64
Time (Days)
Fig. 11. Position error and covariance norms for first-and second-
order models with improved observations.

Acceleration Error (mm/s®)

&0
Time (Doys)

Fig. 12. Acceleration error estimate for first-and-second-order
models with improved observations.

following values of U [all values in (mm/sec2)2]:
U,=1[0.16x107% 0.166x 1077 0.16x10-9]T
U,=I[0.16x 1010 0.166x10-° 0.16x10-1°1T

U;=1[0.16 <1077 0.166x 1011 0.16x10-/2]T

On examining the figure, as the state noise covariance is
decreased, the tendency for divergence of the state estimate
can be observed.

Again note the interesting feature of an apparent tradeoff
in the values of U and the maximum estimation accuracy ob-
tained. Here the effect is much more apparent than in Fig. 9,
and is shown by the large dips in the rss curve at about 10
days. For the smallest value, U;, the rss curve has the greatest
dip; for U, the dip is smallest. An intuitive explanation of this
phenomenon is based on the following reasoning. Initial filter
operation produces estimates of greater and greater accuracy
as more observations are taken. If the value of U is small, the
error covariance matrix decreases rapidly, producing more
nearly optimal estimates and thus, for a short time, more ac-
curate estimates. However, eventually the covariance becomes
so small that the most recent observations are not weighted
properly and divergence occurs. On the other hand, for a
larger U, the error covariance does not decrease as rapidly.
Hence, the filter is not operating near the optimum, and
estimate accuracy is therefore not as good. However, the
presence of a larger U keeps the filter stable for a longer
period before divergence occurs.

Next note the dotted curve which corresponds to the
maximum rtc, i.e., that for U,. Its average value is ap-
proximately 70-80 km, a value which does not reflect the error
rss of 300-400 km. (Although they are not shown, the rtc’s
corresponding to U, and Uj; all lie below that for U,.) This
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suggests that the value of U, should be increased. The ele-
ments of U were increased to the values,

q.,=q,=0.16x 10 ~*(mm/sec?)?
q,=0.16x 10 ~3(mm/sec)?

These values lead to the values of 480 km for the position rss
and 360 km for the position rtc. The position error rss is
greater than that shown for U, in Fig. 10. However, for the
increased values, the rtc curve is a better measure of the ac-
curacy, even though it does not bound the rss curve. Further,
the estimate remains fairly stable throughout the simulation
period of 60 days.

Models 1 and 2

Figures 11 and 12 show the estimation performance for
each of the other four approximating models. For these cases,
the thrust acceleration error covariance parameters are select-
ed to agree with the larger values discussed in the previous sec-
tion. Furthermore, each case employed values of g, as in-
dicated below.

Model 1a:
gy =q,=0.16 x 10~*(mm/sec?)?
q.=0.16x 10~ "°(mm/sec?)?
Model 1b:
‘ q.,=q.=0.16x 10 ~%(mm/sec?)?
q.=0.5% 10" (mm/sec?)?
qs=0.9x10"% sec*
Model 2a:
q,=q.=0.16 x 10 ~*(mm/sec?)?
q,=0.3x10?(mm/sec*)?
Model 2b:

q,=q,=0.16 x 10 ~*(mm/sec?)?
q,=10-(mm/sec*)?

qs=0.5x107% sec™®

Figure 11 shows the position error rss for each of the model
configurations. As expected, the estimation accuracy
generally is improved over that for Model 0. The accuracy of
the estimates obtained with Model 2b is quite good. This is
represented by the solid curve, and corresponds to an average
position rss of about 60 km for time periods greater than 10
days. This approaches a factor of S reduction in the rss values
for the other models. It is important to remember, however,
that Model 2b corresponds to a better approximation of the
structure of the actual thrust acceleration error magnitude,
and thus one would expect improved performance. The next
most accurate performance is that provided by Model 2a, the
simple linear form. As shown by the alternately dot-dashed
curve, the average position rss is approximately 300 km (for
time > 10 days).

The two first-order models, 1a and 1b, produced acceptable
but less accurate estimates. In fact, Model 1b produced a
position rss curve of about 450 km, some 80 km greater than
that for Model la. One possible reason for this is that a
nonoptimal value for the state noise covariance was used.
This suggestion is supported by the fact that the associated
error rtc data indicated an approximately steady-state value of
280 km, a value somewhat below the actual rss curve.

For each of the other models, the indicated values of g,
resulted in rtc’s which coincided with or exceeded their respec-
tive rss data. The only model which produced an error rtc
greater than its rss data was Model 2b. In particular, the rtc
data indicated an average value of approximately 295 km.

Figure 12 shows the estimates of the y-component of the
thrust acceleration for each model. These estimates are those
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which resulted in the estimation performances shown in Fig.
11. Each estimate of the acceleration, represented by the
heavy, solid line is identified with the corresponding model
number. The estimated curves are superimposed over a lighter
curve, the true y-component of thrust acceleration error. As
seen from Fig. 12, all four models perform well in estimating
this component of acceleration error. The plots for Models la
and 2b do not appear to be very different. On the other hand,
consider the respective curves for Models 1b and 2a. Close
examination of the Model 1b curve reveals that a number of
the actual error peaks are not matched by the approximating
curve. This is possibly due to a smaller than necessary state
noise covariance matrix and presumably the estimates would
be improved if these values were increased.

In view of the foregoing discussions, it appears that
generally the second order Models, 2a and 2b, are superior in
representing thrust acceleration errors of the type encountered
in the simulations. Further, the importance of precise
modeling to the extent practical is clearly illustrated by the ex-
ceptional performance of Model 2b.

VI. Conclusions

For the low-thrust navigation problem simulated in this in-
vestigation, it has been found that improved navigation may
be obtained when the y-component (approximately the
magnitude) of the thrust acceleration error is modeled as a
first-or second-order Gauss-Markov process, and the x- and z-
components treated as purely random processes. This ap-
proach yields estimates which are more accurate and con-
siderably more stable than those obtained by assuming that all
the errors are purely random. Furthermore, the second-order
models give generally better performance than the first-order
models.

For the formulation where the Earth’s rotation is ignored,
the performance is unacceptable with divergence of the state
estimate eventually occurring. When the diurnal component
of motion is included in the simulation the performance im-
proves dramatically, resulting in accurate and stable long-
term orbit determination estimates.
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